Superconducting nanowires undergoing quantum phase-slips have potential for impact in electronic devices, with a high-accuracy quantum current standard among a possible toolbox of novel components. A key element of developing such technologies is to understand the requirements for, and control the production of, superconducting nanowires that undergo coherent quantum phase-slips. We present three fabrication technologies, based on using electron-beam lithography or neon focussed ion-beam lithography, for defining narrow superconducting nanowires, and have used these to create nanowires in niobium nitride with widths in the range of 20-250 nm. We present characterisation of the nanowires using DC electrical transport at temperatures down to 300 mK. We demonstrate that a range of different behaviours may be obtained in different nanowires, including bulk-like superconducting properties with critical-current features, the observation of phase-slip centres and the observation of zero conductance below a critical voltage, characteristic of coherent quantum phase-slips. We observe critical voltages up to 5 mV, an order of magnitude larger than other reports to date. The different prominence of quantum phase-slip effects in the various nanowires may be understood as arising from the differing importance of quantum fluctuations. Control of the nanowire properties will pave the way for routine fabrication of coherent quantum phase-slip nanowire devices for technology applications.
I. INTRODUCTION
Superconducting nanowires have attracted interest for several decades, both fundamental interest in superconductivity in reduced dimensions and for the development of applications. Applications in technological devices have grown out of these studies, with photon detectors, relevant to application in both astronomy 1 and quantum technologies 2 , being probably the most significant application to date. Interest in a new range of devices in superconducting nanowires was sparked by the publication in 2006 of a proposal 3 that superconducting nanowire devices could form a new class of component elements, based on a phenomenon termed coherent quantum phase-slip (CQPS). In such devices 4 , the superconducting nanowire operates as the charge-flux dual device to the Josephson junction, a device that itself led to the development of many technologically useful devices following its discovery in the 1960s. The charge-flux duality means that the roles of quantum conjugate variables charge (or charge number) and magnetic flux (or superconducting phase) are exchanged. (This also implies the exchange of other related quantities including current-voltage and inductancecapacitance.) Particular interest has been attracted by the prospect that the superconducting nanowires could form the basis of a quantum current standard, the chargeflux dual to the Josephson voltage standard. In such a device, the time-averaged transport current passing along a voltage-biased nanowire as it is irradiated with microwaves exhibits step-like structures as the voltage bias is varied, and these could be used to calibrate the current, potentially very precisely.
Quantum phase-slips may occur in superconducting nanowires with cross-sectional dimensions ξ, where ξ is the superconducting coherence length, the shortest characteristic length on which the properties of a superconductor can vary. A quantum phase-slip (QPS) process may actually be coherent or incoherent. Coherent quantum phase-slips involve coherent quantum tunnelling between states corresponding to different numbers of flux quanta on the two sides of the nanowire, such that the system may end up in superpositions of these states. This is the charge-flux dual of the Josephson junction, in which the behaviour results from coherent quantum tunnelling between states corresponding to different numbers of Cooper pairs on the two sides of a weak link. If, on the other hand, a QPS process is not sufficiently strong to lead to a final state that is a superposition of states corresponding to different numbers of flux quanta on the two sides of the nanowire, incoherent quantum phase-slips may still occur. These comprise individual 2π phase-slips occurring within the nanowire, with associated dissipation, which shows up as a measurable resistance for the nanowire. Each phaseslip event corresponds to the transfer of one quantum of magnetic flux from one side of the nanowire to the other. Incoherent QPS are conceptually related to (also incoherent) thermally activated phase-slips (TAPS) 5 , where incoherent QPS involves tunnelling through the energy barrier between the states and TAPS involves thermal activation over the energy barrier. However, it is coherent quantum phase-slips that are of use for charge-flux-dual applications.
The characteristic macroscopic manifestation of coherent QPS in the DC geometry is zero conductance below arXiv:1806.07708v1 [cond-mat.supr-con] 20 Jun 2018 a critical voltage V c . Although this has similarities to Coulomb blockade features in Josephson junctions and tunnel junctions 6, 7 , strong evidence that coherent quantum phase-slip effects are indeed to be found in suitably fabricated superconducting nanowires has been provided through several careful experiments [8] [9] [10] [11] [12] , including a recent report 12 in which a gate tuned the interference between two CQPS elements in the expected way. A number of these convincing experiments were RF spectroscopy experiments 8, 11, 12 and were carried out in a geometry that does not allow characterisation of the QPS nanowire by DC transport, the geometry relevant for the proposed quantum current standard. To date, there have been very few reports in DC transport of coherent QPS effects. The basic signature of CQPS in DC transport, a current blockade below a critical voltage, has been reported in a NbSi nanowire by Webster et al. 9 with V c ≈ 500 µV. Hongisto et al. 10 also reported V c features in two NbSi nanowires, up to 480 µV, and furthermore showed evidence for quantum interference between two CQPS elements. Critical voltage features were also observed in 13, 14 .
In DC transport measurements on devices with related physics, measurements of the temperature dependence of resistance, R(T ), have historically been very useful for their characterisation. Measurements of a residual resistance remaining in superconducting nanowires just below the superconducting transition temperature T c in the 1970s revealed the presence of TAPS. In later studies of the superconductor-insulator transition in both thin films 15, 16 and nanowires 17, 18 , measurements of samples' R(T ) enabled characterisation of the samples' properties, showing a dependence of T c on the disorder level, with dR/dT for T > T c giving an indication of the proximity to the superconductor-insulator transition. Both early measurements on superconducting nanowires in a DCtransport configuration relating to observation of QPS, and many reports since, have likewise focussed on the R(T ) behaviour. Non-zero resistance persisting below T c at temperatures lower than expected for TAPS has been observed by multiple groups, and this has frequently been interpreted as evidence for incoherent QPS. Although the underlying effect in incoherent QPS is quantum tunnelling, a temperature dependence nonetheless arises as a result of the temperature dependence of other physical properties of the system, particularly the superconducting coherence length ξ. Physical models of QPS, which have adjustable parameters, have been successfully fitted to such R(T ) data 19 . Since there are other possible explanations of a persisting residual resistance below T c , further tests, such as fitting to the current-voltage dependence I(V ) below T c , are valuable. While in fact very few of the past reports have included such information on the I(V ) dependence, Altomare et al. 20 and Makise et al.
21
reported low-temperature I(V ) matching expectations for QPS behaviour, strengthening, for these measurements, if not more widely, the interpretation that the tail in the R(T ) arises from incoherent QPS.
The absence of further reports of the V c feature that is characteristic of CQPS in DC I(V ) measurements, despite, anecdotally, experimental efforts by several research groups, hints at experimental challenges in realising all the requirements for CQPS in the technologically useful DC-transport geometry 22 . QPS are expected in nanowires with cross-sectional dimensions ∼ ξ, and another key requirement is maximising the characteristic energy scale for quantum phase-slips, E S . In a nanowire with crosssectional dimensions ≤ ξ, E S may be expressed 23 as:
where l is the length of the nanowire, R ξ = R ξ/w is the normal-state resistance of a coherence length of nanowire, R = R N w/l its sheet resistance, R N the low-temperature normal-state resistance, w the nanowire width, R Q = h/(4e 2 ) = 6.45 kΩ the resistance quantum for Cooper pairs and a and b numerical constants of order unity. R ξ should therefore be maximised in order to maximise E S . Coherent QPS should only be expected in the limit E S k B T . The characteristic voltage scale for the critical voltage in a simple CQPS nanowire is V c = 2πE S /(2e), and V c is also the characteristic scale for the width of voltage steps at constant current in the proposed dualShapiro effect, which provides another motivation for maximising E S .
Mooij et al. 23 also showed that the environment a nanowire is embedded in affects whether or not quantum fluctuations in a CQPS nanowire lead to a blockade of current. Specifically, they argued that a current blockade occurs (i.e., CQPS drive the nanowire into an insulating state) for values of the ratio E S /E L greater than a critical value α c , where E L = Φ 2 0 /(2L) is the inductive energy associated with the series inductance L in the circuit and Φ 0 = h/(2e) is the quantum of magnetic flux. A larger series inductance in the circuit therefore promotes the formation of a current blockade. Additionally, as for the Josephson voltage standard 24 , in order to obtain stable step features, for the charge-flux dual current standard, there are requirements on the parameters of the embedding circuit. This means that a series resistance of an appropriate value should be included in a CQPS-nanowire current-standard circuit 22 . As shown by the form of Equation 1, for E S to be non-negligible, the superconducting material must have a large value of R ξ . This requires a high low-temperature sheet-resistance R , implying a high kinetic inductance. Obtaining homogeneous materials satisfying this requirement is arguably more demanding than satisfying the requirement that the cross-sectional dimensions of the nanowire be of the order of ξ. To satisfy the requirement of large R , convenient materials systems to work with for CQPS applications are two-component superconductors, which exhibit a superconductor-insulator transition as the composition varies. Close to the superconductorinsulator transition, on the superconducting side of it, the material exhibits a high normal-state resistivity, as required for CQPS devices. The T c of the nanowires must also be high enough that the device can be operated far below it, so as to minimise the existence of thermally excited quasiparticles, although in practice, to date, this condition has been less stringent than the requirement for coherent quantum phase-slips that E S kT . In the Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity, the coherence length scales inversely with T c , so there is a trade-off between ξ and T c ; a system with workable values for both parameters must be chosen. Several candidate material systems have been used for superconducting nanowires, including InO x , NbN, NbSi, MoGe and Ti [8] [9] [10] [11] [12] [13] [14] 18, 21, 22, [25] [26] [27] .
The detailed properties of materials at the nanoscale are often dependent on the means of fabrication, and so it is important that several means of generating nanowires are assessed. Experimental realisations of these superconducting nanowires have focussed either on the use of molecular templating techniques 17, 18 or on the use of subtractive fabrication techniques 19, 25 . In the latter, a thin film of the superconducting material is first deposited onto a substrate and then processed to remove material and leave a narrow nanowire. For fabricating nanowires with widths below 50 nm, lithography using an electron beam or a focussed ion beam is a natural choice for defining the nanowires. Deposition onto clean substrates followed by removal of unwanted superconducting-film material by etching is preferred to lift-off-based fabrication as it avoids both issues of film contamination by the resist during film deposition and the need to use a double-layer resist to avoid so-called 'lily padding' of the deposited film where metal deposited on sidewalls remains attached to the sides of the nanowire following lift-off.
As already indicated, the nanowires should be embedded in a high-impedance environment. This also isolates the nanowire from environmental influence. Thin-film inductors may be formed by wider lengths of the same superconducting material, which have substantial kinetic inductance in the superconducting state, but which are wide enough that their quantum phase-slip rate is negligible. If thin-film resistors are required, these may be formed by depositing an additional material to form part of the circuit 28 .
In practice, controlling the properties of the superconducting material close to the superconductor-insulator transition is far from trivial. The superconducting properties of a material are modified in very thin films and also in very narrow nanowires within such films. Inhomogeneities are present as a result of randomness in the film deposition process. Such inhomogeneities both may become accentuated during the etching process and also become more relevant to the electrical properties in a narrow nanowire as the width decreases towards the length scale of inhomogeneities in the film. Furthermore, close enough to the superconductor-insulator transition, an inhomogeneous electronic state of the film is expected on theoretical grounds 29 to be induced even in a perfect material by very small variations due to offset charges in the substrate. In this article, we report investigations carried out in niobium nitride. We have investigated the variation in the properties of the material as its dimensions are reduced down to nanowires. We assess three different fabrication technologies for creating narrow nanowires and demonstrate their use for generating nanowires with width dimensions below 20 nm. We report a range of superconducting and CQPS properties that we have observed in such nanowires, interpret the results, discuss their implications and outline challenges that will be relevant to others seeking to carry out similar studies.
II. RESULTS
In this section, we introduce the nanowires fabricated by the three different fabrication technologies we have employed. We report both investigations of the changes in properties of the niobium nitride films as the thickness is varied, revealed by R(T ) measurements, and then report representative I(V ) behaviour of a number of niobium nitride nanowires, showing a range of behaviours, including the emergence of behaviour characteristic of coherent quantum phase-slips.
A. Film Characterisation: Changes from Bulk
Properties to Thin-Film Behaviour
We have studied the variation of the NbN properties away from the bulk properties as we reduce the thickness dimension 30 . Figure 1a shows the variation of sheet resistance R with temperature for different film thicknesses in the range 10-103 nm. (Film thicknesses were measured by a stylus surface profiler.) Figure 1b shows the same data on an expanded temperature scale and normalised resistance scale, revealing that T c decreases as the film thickness decreases. We have focussed our study on a composition for which the thicker films have a T c not substantially less than the maximum obtainable T c for NbN, but which also displays increasing resistance as T decreases from room temperature towards T c . This shows that the films are approaching the superconductorinsulator transition. As the thickness decreases, the resistivity (not shown) calculated using the measured film thickness increases, suggesting that the thinner films are closer to the superconductor-insulator transition.
The progressive suppression in T c in thinner films is in line with observations of other materials systems 32, 33 . For CQPS applications, it is important to control both T c and R , and therefore we consider the variation of these further. In Figure 1c , we show the variation of T c with R , along with a fit to a model 31 of T c suppression approaching the superconductor-insulator transition within the so-called "fermionic scenario". A good fit is obtained, and a value of the elastic scattering time of 3.9 fs may be ex- 
1/γ with t = R /(4πRQ) and where the fit coefficient γ is related to the elastic scattering time τ by τ = (h/(kBTc0)) exp (−γ) 31 , and we also treat Tc0 as a fit coefficient, obtaining Tc0 = 13.4 K. (The fit parameter γ is related to the fit parameter γ [31] in 31 by γ = −1/γ [31] .) Inset: Variation of Tcd with R ; the line shows
−B as applied in Reference 32.
tracted from the fit. This is within an order of magnitude of other values reported in the literature, although larger than other reports. For thin films, Ivry et al. 32 conducted a meta-analysis using results from several groups on thin films close to the superconductor-insulator transition in different materials including NbN and have empirically parametrised the behaviour in terms of parameters A and B through the relation
where, for unremarkable constant resistivity and T c , a coefficient B = 1 would be expected. The inset to Figure  1c shows that our data also fit well to this relation, with coefficients A = (1.2
5 and B = 1.04 ± 0.12. (Note that the values obtained are not very sensitive to the precise definition used for T c .) It is interesting that the value of A we obtain is almost an order of magnitude larger than expected according to the apparent universal exponential dependence of A on B, which Ivry et al. 32 arrived at empirically through the meta-analysis, compared with scatter of around half an order of magnitude or less in A for a given value of B for a typical sample they analysed. Our result may suggest that departures from the "universal" dependence are more common than indicated by that meta-analysis.
The results in Figure 1 demonstrate that sheet resistances 1 kΩ may be obtained while maintaining T c > 6 K. Such values are suitable for nanowires intended to function as CQPS elements. For operating temperatures well below 1 K, optimal materials to use for CQPS applications may be films thinner than 10 nm such that the T c is lower, but the sheet resistance is even higher. However, due to concerns about the uniformity of thinner films and electrical continuity in those films, we chose to study nanowires fabricated from films with thicknesses in the range 10-20 nm.
B. From Thin Films to Narrow Nanowires:
Nanowire Fabrication
In this section, we describe how we have obtained narrow nanowires from films of niobium nitride and in the following sections present first the variation in the properties of the niobium nitride as they are formed into nanowires of decreasing width dimension and then the characteristics of nanowires with widths down to ∼20 nm.
There are several options for defining very narrow nanowires. We have used three different techniques to define narrow nanowires, based either on electron beam lithography or on neon focussed ion-beam milling (Ne-FIB). These are shown schematically in Figure 2 and described in detail in the Materials and Methods section, but summarised briefly here, and examples of nanowires obtained using all three strategies are shown in Figure  3 . A first technique we have used to define very narrow nanowires via an electron-beam lithography (EBL) stage is to use a negative-tone e-beam resist to define a mask. Single-pixel lines are exposed in the resist, and this pattern is transferred to the film by reactive ion etching (RIE). A second technique we have used for defining nanowires utilises a positive-tone resist rather than a negative resist. A "cut-out" strategy 30 is used, in which we use EBL to expose the resist to define the edges of the nanowires to be removed, then transfer the pattern to the film by RIE. A third fabrication strategy we have employed does not rely on either an e-beam resist mask or RIE when defining the nanowire. We use focussed neon ion-beam milling, which has resolution as good as 5 nm, in order to remove material from the film to define the nanowire. 
C. Spectrum of Nanowire Properties
We will now present DC electrical characterisation of NbN nanowires obtained by all three techniques. I(V ) measurements at cryogenic temperatures on several NbN nanowires are shown in Figures 4-8 , and these show a range of different behaviours. Relevant parameters of these nanowires are listed in Table I . Figure 4 shows I(V ) measurements at 4.2 K on nanowires with widths in the range 20-250 nm, fabricated on a film of a thickness of 10 nm using the cut-out technique. The T c of all these nanowires is around 7 K. The shape of the I(V ) changes qualitatively depending on the width of the nanowire. As Figure 4a shows, for nanowires with widths of 250 nm or 100 nm, the low-bias resistance is zero, and there is a switch at a certain critical current to a state with an approximately constant resistance. When the current is subsequently decreased, the nanowire returns to a zero-resistance state at a lower current. A similar hysteretic behaviour has often been observed in superconducting nanowires and is generally the result of electronic heating due to dissipation in the nanowire, raising its temperature and so suppressing its critical current. Figure 4b shows that the nanowires with widths of 75 nm and 50 nm, in contrast, display barely any hysteresis and also a gradual increase in resistance as current increases rather than a single jump to a large resistance. On close inspection of this range, several jumps in voltage of ≈1-7 mV may be observed in the voltage range 3-25 mV. The cause of these branches is not completely clear; the branches resemble both the I(V ) that would be obtained in an array of Josephson junctions with some distribution in critical currents and somewhat resemble the phase-slip centre behaviour that is sometimes observed in nanowires (phase-slip centre behaviour will be discussed in more detail below in relation to Figure 6 ). Let us compare the size of the jumps to what would be expected for Josephson junctions forming between grains in a superconducting film: For a BCS superconductor I c R N ∼ π∆/(2e) at low temperature with the superconducting energy gap ∆ = 1.76k B T c , which for T c = 8 K would give I c R N =1.9 mV (or perhaps a factor of ∼2 larger for a non-BCS superconductor as a result of a larger ∆) 5 and typically high-quality Josephson junctions display such values of I c R N , while less carefully prepared Josephson junctions display smaller values. Given the possibility that some observed jumps may involve more than one Josephson junction becoming resistive at once, the ≈1-7 mV observed here therefore appears consistent with grain-boundary Josephson junctions having formed in these particular nanowires and being responsible for the observed jumps.
The narrowest nanowire has a non-hysteretic I(V ) and does not display any jumps. The low-bias resistance is still non-zero, increasing as the current increases. This qualitative behaviour is one of the typical characteristic behaviours we observe in other NbN nanowires (see Figure 5 ; data for the other nanowires is not shown). The appearance of resistance is reminiscent of much wider superconducting wires, in which resistance appears due to vortex flow. However, these nanowires are narrower than the Josephson penetration depth, and therefore vortex flow cannot be responsible. Extrapolating from discussion for the 50-nm and 75-nm nanowires, one conceivable explanation is that these two nanowires are acting as an array of Josephson junctions with a particular smoothly varying distribution of critical currents. If the Josephson junctions were overdamped, this could explain the absence of discernible jumps. The observed behaviour is also qualitatively as expected for a nanowire undergoing TAPS or incoherent quantum phase-slips. Both TAPS and incoherent QPS (IQPS) lead to an increasing voltage at higher current as the current through the nanowire reduces the energy barrier for a phase-slip, and this can be expressed as V = V i sinh (I/I i ), where I i is related to the energy barrier and i denotes either TAPS or IQPS 20 . For TAPS, I TAPS = 4ek B T /h, whereas, for IQPS, I IQPS is temperature-independent. Quantitative fits based on a single value for I IQPS do not generate a satisfactory fit unless the data range fitted is artificially restricted substantially. However, if instead there was a particular distribution of energy barriers for phase-slips within the wire, leading to an incoherent QPS voltage made up of a sum of the terms with a range of I IQPS values, this could also quantitatively explain the I(V ). Figure 5 shows the R(T ) of a different NbN nanowire, fabricated by the negative-resist technique with HSQ and having a nominal thickness of 18 nm and a width of around 60 nm. The resistance has a maximum at 22.5 K corresponding to a sheet resistance of ≈1 kΩ per square. The ratio of the resistance at 200 K to the maximum lowtemperature resistance is ≈1.25, approximately the same as for the films shown in Figure 1a , suggesting that the reduction in nanowire width does not significantly further increase the approach to the superconductor-insulator transition seen on decreasing film thickness in Figure 1b . The superconducting transition occurs at around 9 K, with a width of 2.5 K. Minimal residual resistance below T c is seen in Figure 5a . The low-temperature I(V ) for this nanowire is qualitatively similar to the data for the narrowest nanowire in Figure 4 . Figure 5c shows fits to the models of TAPS and incoherent QPS described earlier, with the range of values for the fit restricted to |V | < 160 µV. The fit to the TAPS model is poor over the entire range of the data, but -unlike for the narrowest nanowire in Figure 4 -the incoherent QPS model gives an excellent fit at low bias. In addition, the fit also gives reasonable agreement with the data for |V | > 160 µV, except at the highest bias where it is quite possible that other physics is affecting the behaviour. This suggests that, in this nanowire, incoherent QPS may well be responsible for the voltage developed at low currents. Figure 6 shows an I(V ) characteristic of another nanowire, NbN65/1, measured at 330 mK. This nanowire was generated by neon FIB milling and has a width of 40 nm. As the current is swept first from 0 to 10 µA, then back down to −10 µA before returning to zero, resistive branches on which dV /dI is approximately constant are seen. The resistive branches are at integer multiples of a fraction of the nanowire's normal-state resistance, and this matches the characteristic behaviour of phase-slip centres. Phase-slip centres -distinct from the isolated phase-slips previously described-are periodic order parameter oscillations at one or more locations along the nanowire and lead to dissipation, both from the oscillating region and from adjoining regions in which a nonequilibrium population of quasiparticles decays over a length scale much longer than the superconducting coherence length 5 . In this measurement, there are clear branches at certain multiples n of 6.5 kΩ, suggesting that a single phase-slip centre contributes a resistance of 6.5 kΩ, with n phase-slip centres being found along the nanowire. In previous reports, phase-slip centres have often been observed to form at temperatures approaching T c ; however, this measurement was carried out at 320 mK, well below T c ∼ 4 K. (The composition of this sample was different from the others we report here. It was sputtered from a target with a different composition and contained a significant proportion of tantalum. This is likely to be the reason for the lower T c .) This nanowire was one of the first we prepared using Ne-FIB for DC transport measurements, and only this one of the first eight comparable nanowires prepared similarly showed this phase-slip-centre behaviour. Further investigations of DC-transport behaviour in Ne-FIB-fabricated nanowires are in progress.
D. Coherent Quantum Phase-Slip Behaviours in
NbN Nanowires Figure 7 shows R(T ) for a NbN nanowire with a width of ≈ 50 nm and a length of 18 µm, created using the negative-resist technique. Figure 7a shows a measurement of R(T ) below 25 K. The nanowire has T c ≈ 6 K and a rather broad width ≈ 4 K. The maximum resistance, 1.8 MΩ, implies a sheet resistance ≈3 kΩ, which is rather high. There is an apparent residual resistance below T c , and this can be better understood by examining the I(V ) dependence: Figure 7b shows I(V ) at 330 mK, and this has a similar shape to Figure 5 ; however, closer inspection of the low-bias region (Figure 7c ) reveals an additional region at low bias, in which no current is measured below a critical voltage V c ≈ 300 µV. This behaviour is suggestive of the presence of coherent quantum phase-slips, and V c is similar to previous reports 9, 10 . This value of V c implies that E S ≈ 3.3k B T at 330 mK, suggesting that the characteristic voltage of this nanowire is just large enough not to be substantially thermally rounded at this temperature. Figure 8 shows the results of characterisation of another nanowire, with a length of 9 µm, an approximate width of 60 nm and a nominal thickness of 18 nm, created by the negative-resist technique. This nanowire was embedded in an environment with NbN series inductors with length 400 µm and width 200 nm and series resistance 148 kΩ. Figure  8a shows that there is a steeper increase in the resistance at a low temperature, indicating that this composition is much more resistive than those shown in Figure 1 , and the maximum sheet resistance based on the physical dimensions is 10 kΩ. The sample is superconducting with T c ≈ 5.5 K, with a broad superconducting transition of a width of ≈2-3 K. Figure 8c shows that a clear critical voltage feature develops below T c , with V c ≈ 5 mV at 350 mK. This is an order of magnitude larger than the earlier reports of a V c feature in NbSi nanowires 9, 10 . Figure  8c also shows that the critical voltage feature is a little rounded at 1.92 K and is completely absent above T c .
Tangents to the high-bias part of the I(V ) characteristics in both Figures 7b and 8b intercept the current axis at a positive current. This is an important feature of the observed behaviour 9 . The behaviour is characteristic of superconductivity; by contrast, for a current blockade arising from single-electron effects, a tangent to the higher bias part of the I(V ) characteristic would be expected to intercept the current axis at a negative current. The positive current intercept and the development of the V c feature over the same temperature range as superconductivity (Figure 8c ) indicate that the V c feature arises out of superconductivity rather than being independent of it. This observation is as expected if the behaviour indeed arises from coherent quantum phase-slips and would not be expected for a single-electron Coulomb blockade in a tunnel junction. Table I collects relevant parameters for several nanowires we have fabricated. It may be observed that the different types of behaviour do not show a simple correlation with variations in any of the nominal physi-TABLE I: Nanowire sample properties. Fab method = fabrication method, Cut-out = cut-out using PMMA resist and EBL, HSQ = fabrication by EBL using hydrogen silsesquioxane (HSQ) resist, Ne-FIB = nanowires defined by neon FIB, sc = standard superconducting behaviour, PSCs = phase-slip centres, IQPS = successful fit of I(V ) to a model based on incoherent quantum phase-slips (see the main text). R is the sheet resistance above Tc. Indicated Tc values are defined as R(Tc) = 0.5Rmax, where Rmax is the maximum resistance and ∆Tc = T (R = 0.9Rmax) − T (R = 0.1Rmax). 'Circuit elements' indicate thin-film components included in series in the circuit; nanowires NbN80/1 and NbN81/2 have series resistance of 148 kΩ and series inductance with a length of 400 µm and a width of 200 nm. Nanowires 100414 and the films for which R(T ) is shown in Figure 1 were deposited on silicon substrates and were not measured below 4.2 K; all other samples were deposited on sapphire substrates. cal dimensions of the material, and we have also found that this is a typical feature of the behaviour in other nanowires we have measured (data not shown here). Such differences are usually posited to be due to variations in the cross-section of the nanowire along its length, with the CQPS properties arising from just the smallest crosssection point of the nanowire, although this is difficult to be definitive about in the absence of control and/or characterisation at the atomic scale.
III. DISCUSSION

Sample Fab Method Circuit Elements
The observation of nanowire-to-nanowire variability of properties has apparent implications for technological applications. Sample-to-sample variability in properties has previously been observed in nanowire samples 23, 32 , and variations in properties have been explained systematically according to a relationship that is not trivially determined by a single variable such as ξ or R N , but that depends on several variables. Within the analysis of Mooij et al. 23 , whether a nanowire displays superconducting or insulating behaviour is expected to depend on both R ξ and the nanowire length l, with a critical resistance in the case of no additional series induc-
2 ), where c = a/(17.4α c ) and a and b are the numerical constants appearing in Equation 1 . In Reference 23, they take α c to be 0.3. Taking the values used in Reference 23 for b and c along with ξ = 5 nm, for l = 1 µm the relation gives R ξ,crit = 0.0015R Q ≈ 100 Ω, with smaller R ξ,crit for longer nanowires. All our nanowires therefore should lie on the insulating side of this boundary, yet our nanowires do not show behaviour as insulating (i.e., as large V c ) as expected for their length on the basis of this calculation. Possible explanations for this include that the values used for b and c should be modified for our material system or that the length within our nanowires in which CQPS is occurring is much smaller than their physical length.
It is also possible that the relevant active cross-sectional dimensions of the nanowires are smaller than the measured physical dimensions. An interesting comparison for these samples is of the sample dimensions to the superconducting coherence length in NbN in the dirty limit, expected to be a few nanometres 35 . We have observed behaviour characteristic of CQPS in samples that ostensibly have a width and a thickness of a factor up to ∼10-times greater than ξ. At first sight, this is rather surprising. It is not in fact a strict requirement that a nanowire have w, d < ξ in order for QPS to be observed. Rather, since the smallest volume in which superconductivity is required to fluctuate to enable a 2π slip in the phase difference between the two sides is wdξ, the energy barrier for such a fluctuation, the superconducting condensation energy of this volume, is proportional to the volume fluctuating. Where either or both of the cross-sectional dimensions exceed ξ, this therefore leads to an additional factor ξ/w and/or ξ/d multiplying the numerical factor b in Equation (1), leading to an expected exponential suppression of E S by factors d/ξ and w/ξ whenever either of these is greater than 1. Our nanowires are significantly wider and thicker than the coherence length, and yet we observe behaviour characteristic of CQPS. There are a number of possible explanations for this. It is conceivable, though seems unlikely, that the QPS energy scale for the material is extremely large, meaning that even when exponentially suppressed, it is still significant, and that nanowires with dimensions ≈ ξ would have such a large E S that measurements would show zero conductance for any practical value of voltage bias. Another, perhaps more likely, possibility is that the relevant volume fluctuating is smaller than the value wdξ determined from the measured physical dimensions w and d. The cross-sectional area of the nanowire carrying the supercurrent could be smaller than the physical dimensions as a result of a dead layer at the interface with the substrate and the external surfaces as a result of oxidation after deposition. It is also possible that inhomogeneities in the material could give a distribution of cross-sectional areas along the length of the nanowire. In that case, in view of the exponential dependence of the QPS energy on the cross-sectional area, the properties would be dominated by the region or regions of the nanowire with the smallest cross-sectional area 36 . A distribution in cross-sectional areas could arise either as a result of variation in the physical dimensions along the length of the nanowire (see Section III A) or as a result of more microscopic inhomogeneity such as is expected to be induced close to the superconductor-insulator transition 29 and that might lead to a percolating pathway through the nanowire.
While the nanowire length has not been a major focus of this study, we are nonetheless able to make some inferences in relation to nanowire length. The nanowires investigated in this study were ∼1-10 µm long, similar to the lengths employed in References 9,10, but longer than the nanowires employed in References 8,11,12, which were in the range of 30-750 nm. Two previous works have argued that collective excitations in longer nanowires might suppress CQPS effects 37, 38 . The present observations of critical voltage features in long nanowires, along with the already-reported observations 9,10 , provide basic empirical experimental evidence that CQPS effects are still relevant in long nanowires, although it remains an open question whether these long nanowires should actually rather be viewed as a series of shorter nanowires because of inhomogeneity, as discussed above.
Nanowire NbN80/1, in which the substantial critical voltage ≈5 mV has been observed, was one of only two nanowires reported here in which series inductance and resistance were included. Nanowire NbN81/2, deposited in the same experimental run and nominally having a very similar width, as well as also similarly incorporating series inductance and resistance, shows no V c feature at all. It appears likely that a composition closer to the superconductor-insulator transition, as indicated by the R(T ) dependence, is a critical factor in determining the substantial V c for nanowire NbN80/1; the series inductance and resistance elements may also be important, but are clearly not sufficient. The different compositions in the two co-deposited samples may indicate that the thickness of nanowire NbN80/1 is smaller, as a result of thickness variations during deposition or more likely due to over-etching. It is clear that the observations of these two nanowires indicate variability in nanowire properties and highlight an outstanding challenge in reproducibly obtaining nanowires exhibiting strong QPS.
A. Fabrication Challenges
The different fabrication methods we have utilised have different characteristic features and different advantages and disadvantages. Using both EBL and Ne-FIB, we have obtained nanowires with widths < 20 nm. Nanowire widths of 15-20 nm are routine to generate using the EBL negative-resist process using hydrogen silsesquioxane (HSQ) as the resist. We have obtained nanowire widths of ≈20 nm via the cut-out technique, using polymethyl methacrylate (PMMA) as the resist. Ne-FIB is able to generate nanowires with widths below 25 nm, although fabrication becomes more challenging for the narrowest nanowires. Although the results we report showing a critical voltage feature have been measured in samples fabricated using the negative resist technique with HSQ, we believe that the ultimate widths obtainable by the other two techniques are small enough that they are also suitable for use for fabrication of nanowires for use as CQPS elements.
The processes determining the morphology and roughness of the nanowires are different for nanowires fabricated via EBL and via Ne-FIB. For EBL-fabricated (negative resist or positive-resist cut-out) nanowires, the sidewall morphology is affected by the sidewall of the resist mask. The edges of a resist mask with non-vertical sidewalls will be etched through prior to completion of etching, leading to transfer of the resist mask profile into the NbN nanowire. Where nonuniformities in thickness of the resist are present, these might also be transferred into the nanowire profile -an issue that is more relevant for PMMA resist as the polymer molecule sizes are ≈20 nm, with inhomogeneities in the resist at shorter length scales limiting the uniformity of the feature definition at those scales. The chemistry of the reactive ion etch process and the isotropic element of its chemical action also affect the morphology and roughness of the NbN material remaining after RIE. In particular, since different components of the nanowire, such as oxides, etch at different rates, the RIE processing will tend to accentuate inhomogeneities present in the deposited film as the nanowire is defined.
Etching by Ne-FIB, on the other hand, is directionally highly anisotropic, a feature that is beneficial for welldefined vertical sidewalls. Of course, this process is not, in practice, perfect. The ion beam has a Gaussian beam profile rather than being perfectly confined; however, the limiting factor for sidewall definition is actually scattering once the beam enters the material 39 , and this leads to damage to and/or milling of regions beyond the diameter of the incident beam. We take care during Ne-FIB processing to minimise the ion dose supplied to parts of the sample other than those we are milling, in order to minimise damage to other regions of the sample. Some initial imaging is required in order to locate the region to be milled. Our FIB instrument also has the ability to make use of helium ions, which, being lighter atoms, cause even less damage. We typically initially locate the region to be milled while imaging with helium, before switching to neon for the milling. In practice, obtaining very fine features relies on the drift due to charging and mechanical effects during the time required for milling being small compared to the resolution required. Sample drift due to charging may be minimised by prior wire-bonding of the sample bond pads to ground, and charging during imaging may be further reduced by the use of an electron flood gun, which allows neutralisation of charging of the substrate as a result of the ion-beam bombardment.
For samples fabricated using a negative-resist mask, with HSQ, several experimental challenges have informed the parameters we use. Firstly, the thickness of the HSQ layer should be chosen to satisfy two competing requirements. The HSQ layer is etched along with the NbN during the RIE stage, albeit at a slower rate, and therefore must be sufficiently thick to protect the NbN nanowire underneath it while the unwanted areas of NbN are removed. The maximum resist thickness is set by aspect-ratio considerations: an HSQ feature that, after EBL patterning, has a high aspect ratio, i.e., its thickness is much greater than its width, is mechanically unstable and may fall over during development or drying. The ideal thickness for the HSQ layer would be such that it is just removed at the end of the RIE stage.
Adhesion during patterning is an issue that we have tackled. While good adhesion of HSQ to the underlying NbN film for features with both in-plane dimensions 1 µm is found, in some samples the narrow nanowire sections of the HSQ resist-mask apparently can float off the NbN film during development. While even long nanowire sections of the resist-mask may sometimes land intact on the substrate following development 34 , this is an undesirable feature for a fabrication process, and we have addressed the problem by introducing "anchoring" when using long sections of NbN, whether nanowire or inductive line, that is, introducing periodic anchors into the inductive line which have both in-plane dimensions > 1 µm. We have observed an issue of kinks developing in long nanowires (as seen to a small extent in Figure 3a) , a factor that favours the fabrication of sections of nanowire shorter than several µm in length. We expect that both the aspect-ratio and adhesion issues would also not be an issue in short-enough nanowires, since such structures are more mechanically stable against lateral forces applied to the top of the nanowire furthest from its ends.
B. IV Measurement Considerations
I(V ) measurements should be made using careful filtering 19 . In the comparisons we have made of the temperature variation of the resistance with and without the use of filters (not shown here), we have observed, when measuring without filtering, a resistive tail below T c that resembles the resistive tails frequently observed in nanowires and successfully fitted to models of thermally activated or quantum phase-slips. However, when the measurement is repeated with proper filtering, no tail is observed. This implies that the observed resistive tail was an experimental artefact induced by noise being conducted down the measurement lines and shows the importance of careful filtering of experimental lines.
Another highly relevant issue in measurements of nanowires undergoing coherent quantum phase-slips is the presence of long time-constants before the steady state response is reached following a change in bias 13 . As mentioned above, it is important to embed the nanowire in a high-impedance environment with R > R Q , and an effect associated with this is that the combination of this high impedance with the cable, filter and parasitic capacitances acts as a low-pass filter removing high-frequency noise from the measurement lines. However, a superconducting nanowire undergoing CQPS can behave as an impedance R Q , and the combination of this impedance and the resistance of series thin-film resistance with cable, filter and/or parasitic capacitances leads to RC time constants for the capacitances to charge up to an equilibrium state, during which time a fraction of the current registered in the experimental current measurement is actually flowing into these capacitances rather than through the sample. The time constants can typically be 1-10 s, and in extreme cases above 100 s, in which case measurements become impractical. This should be a consideration in the design of filters and cabling for measurements on these nanowire systems; in particular, capacitances included in filters should not be made too high-value.
A further consideration in circuit design relates to mitigating self-heating in the devices. Since coupling between electron and phonon systems is weak at mK temperatures, such devices are prone to overheating when dissipation is present. In order to minimise such heating, thin-film resistors should be designed to have as large a volume as possible to achieve the required resistance value 9 , since maximising the volume maximises the interaction between the electron and phonon systems.
IV. MATERIALS AND METHODS
A. Film Deposition
NbN films are deposited at room temperature on sapphire or silicon substrates using reactive DC magnetron sputtering from a Nb target in a nitrogen-containing atmosphere. Using a pressure of 5 × 10 −3 mbar with a 1:1 flow of Ar and N 2 gas, 150-W sputter power gives a deposition rate of around 10 nm/min.
B. Nanowire Definition
In this section, we present the experimental details of the three methods we have used to fabricate nanowires. These are shown schematically in Figure 2 , and Figure 3 shows images of one sample fabricated by each of the methods, collected using a helium focussed ion-beam or scanning electron microscope.
Our first technique for defining nanowires employs a negative resist to define a mask. We use hydrogen silsesquioxane (HSQ) resist, diluted to 1% HSQ in methyl isobutyl ketone (MIBK) and spun at 2000 rpm to give a 35-nm HSQ layer. To achieve nanowires with widths as low as 15-20 nm, we used a 10-kV electron beam to write single-pixel lines in the resist using a line dose set at some multiple of a default value of 1280 pC/cm, followed by development for one minute in MF-26A developer. The nanowire is then formed using reactive ion etching (RIE) at 100 W and 100 mTorr using flows of 35 sccm of CHF 3 and 14 sccm of SF 6 for approximately 120 s in 20-s bursts to mitigate potential overheating during etching. Since removal of exposed HSQ requires the use of HF, we do not remove any HSQ remaining after RIE.
For the second technique we have used for defining nanowires via EBL, we utilise polymethyl methacrylate (PMMA), a positive-tone resist, and follow a "cut-out" strategy 30 to expose the edges of the nanowires to be removed, followed by RIE, using the same recipe as above. This method means that HSQ resist is not required, and the PMMA resist may be removed in acetone when etching is complete. Figure 3b shows an image of a nanowire prepared using this method. The 'cut-out' lines are typically ∼20 nm wide. The data shown in Figure 4 were obtained on nanowires prepared in this way. An advantage of this technique is that the ultimate width obtainable by the technique may be made smaller than the narrowest line obtainable by patterning the PMMA resist, since the linewidth is determined by the difference between the separation of the centres of the 'cut-out' lines and the width of the cut-out line, which may be chosen when the pattern is exposed by EBL. Note also that over-exposure in this geometry leads to a reduction in the width of the nanowire obtained, rather than an increase in the width as would be obtained when patterning using a negative resist. As for any EBL-based process in which ultimate resolution is sought, the ultimate linewidth is obtained following suitable dose tests and relies on the stability of results obtained by the EBL and subsequent development and etching.
The third fabrication technique we have used is based on neon focussed ion-beam milling. This does not rely on either an e-beam resist mask or RIE when defining the nanowire and allows milling with 5-nm resolution. Although some damage is inevitable in focussed ion-beam milling, since neon ions are inert (unlike the more commonly-used gallium), poisoning from implanted ions is expected to be avoided when milling using neon. We typically use a Ne ion beam accelerated to 15 kV, providing a beam current of ∼2 pA, to supply a dose of 0.5-1 nC/µm 2 to remove material from the NbN film to define the nanowire. Because of the relatively slow speed of milling, it is not practicable to fabricate the whole structure by FIB, so the deposited NbN film is first coated with PMMA and patterned by EBL, then etched by RIE to define the coarse features of the structure, in a similar way to the "cut-out" strategy. A wider nanowire (with a width of 300 nm) is patterned in this step, and this nanowire is then milled using the Ne-FIB to remove material in order to define a nanowire. In previously published work, we have also used this technique successfully to fabricate NbN nanowires as elements within superconducting co-planar waveguide resonators 40, 41 .
C. Other Circuit Components
For some nanowire samples, we fabricate additional components in series with the narrow nanowire. Wider sections of NbN, deposited and patterned in the same steps as the narrow sections of nanowire, may, as a result of the high kinetic inductance of the NbN, conveniently be used to provide series inductance for the circuit. The wires are narrow in order to provide the maximum amount of inductance in the shortest length, but are made wide enough that they do not themselves experience significant QPS effects. Typically, we fabricate these inductor wires with widths of ≈200 nm.
To provide series resistance for the nanowire circuits, we use electron beam lithography, reactive DC magnetron sputtering and lift-off to produce thin-film chromium oxide resistors with typical sheet resistance ∼ 1 kΩ, in a process we have described in detail elsewhere 28 . We pattern gold interconnects between resistors and NbN components, wiring and bond pads using EBL, DC magnetron sputtering and lift-off, using a Ti or Cr adhesion layer and an argon-ion mill clean step in situ immediately prior to gold deposition. Prior to EBL to define resistors or gold wiring, a gold layer with a thickness of ∼10 nm is sputtered on top of the resist layer. This conductive gold layer prevents charging of the insulating sapphire substrate and is removed by a KI/I 2 /H 2 O wet-etch dip immediately prior to each development stage 34 .
V. CONCLUSIONS
We have presented three different techniques for fabricating superconducting nanowires suitable for use as coherent quantum phase-slip elements. We have obtained nanowires with a width < 30 nm using all three techniques, and all three appear promising for fabricating nanowires for use as CQPS elements. We have characterised the effect of reducing both thickness and width dimensions on the superconducting properties of NbN and have studied several NbN nanowires with a composition approaching the superconductor-insulator transition. We have observed a variety of behaviours in the nanowires; these behaviours include standard superconducting behaviour as would characterise wide and thick superconducting tracks and phase-slip centres, as well as current-voltage characteristics as characterise incoherent QPS and zero conductance below a critical voltage V c as characterises coherent QPS. We have observed critical voltages V c up to 5 mV, an order of magnitude larger than in previous reports. We have confirmed both that the V c feature is accompanied by a critical-current feature at higher bias and that the V c feature develops over the same temperature range as the superconductivity, indicating that the V c feature has a superconducting origin, as expected for a feature associated with CQPS. We have observed V c features in nanowires with lengths ∼10 µm, suggesting that it is not essential that CQPS elements are constituted from short nanowires. We have observed a V c feature in nanowires with cross-sectional dimensions exceeding the superconducting coherence length, suggesting the importance of materials inhomogeneity in determining the properties of nanowires. Our results also indicate the importance of material composition in the properties of superconducting nanowires with dimensions 20 nm, with the use of filtered measurement lines and a high-impedance environment being preferable to promote CQPS behaviour. The success of the presented fabrication technologies and observation of enhanced critical voltage are promising for applications of superconducting nanowires in coherent quantum phase-slip applications, and the variety of behaviour observed in similar nanowires also points to a remaining challenge of reproducibly controlling the properties of fabricated nanowires.
